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Let R = GR( p’, m) denote the Galois ring of order p”” where p is a prime and 
n, m > 1 are integers. In this paper, the authors derive formulas for the total number 
of functions from R to itself which can be represented by polynomials over R and 
they also derive a formula for the number of such permutations of R. These results 
not only generalize but unify into a single theory, known results for finite fields and 
the integers mod p”. :(‘ 1992 Academic Press. Inc. 
1. INTRODUCTION 
It is well known that every function from a finite field to itself can be 
represented by a polynomial with coefficients in the field. However, over 
the residue class ring Z/Z,, of integers modulo p” with p prime and n > 1, 
not every function can be so represented. In [7] Keller and Olson and in 
[12] Mullen and Stevens obtained formulas for the total number of func- 
tions and the number of permutations on Z/Z,. which can be represented 
by polynomials over Z/Zfl. (See also Kempner [ 8,9], Carlitz [3], Redei 
and Szele [ 131, and Singmaster [ 141 for related results.) 
As stated by McDonald [ 11, p. 3071, “It is classically accepted that the 
researcher handles separately the finite field GF(p”) and the prime ring 
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Z/Z,“. It is our belief that both cases should be treated simultaneously in 
the setting of a Galois ring.” In this paper we consider the problem of poly- 
nomial representation of functions over a Galois ring and by developing for 
certain quotient rings of Z[x] notions corresponding to factorials in Z we 
are able to simultaneously generalize the above results for finite fields and 
residue class rings of integers, further supporting McDonald’s belief. 
There has recently been considerable interest in various aspects of Galois 
rings. In [4] Gomez-Calderon studied the power polynomial xd over a 
Galois ring R determining for example the cardinality of its value set and 
when it permutes the elements of the ring. Similar questions were studied 
by Bremser and Gomez-Calderon in [l] for the more general Dickson 
polynomial g,(x, a) =Ckf’iJ(d/(d- i))(d;i)( --~)~x~-~j where a~ R. In [2] 
Bremser and Gomez-Calderon studied the distribution of primitive 
elements in a Galois ring and in [S], Gomez-Calderon and Mullen 
considered further properties of Dickson polynomials over R and then used 
polynomials over Galois rings to construct generalizations of a number of 
cryptographic systems previously considered over finite fields and residue 
class rings of integers. As a result of this recent interest in Galois rings, it 
is natural to consider the question of polynomial representation over 
Galois rings. 
In Section 2 we discuss some basic properties of rings related to Galois 
rings and in Section 3 we derive formulas for the total number of functions 
from a Galois ring to itself that can be represented by polynomials with 
coefficients in the ring. Here, we also give a collection of polynomials which 
represent these functions uniquely. In Section 4 we determine the number 
of permutations on a Galois ring that can be represented by polynomials 
and in Section 5 we consider functions of several variables. 
2. SOME BASIC NOTIONS RELATED TO GALOIS Rr~cs 
Let m, n, and p denote positive integers, p a prime, and let GR(p”, m) 
denote the (unique up to isomorphism) Galois extension of degree m of the 
ring Z/Zp” of integers mod p”. Then, as discussed by McDonald [ 111, if 
f(x) E Z[x] is any manic basic irreducible of degree m (meaning a manic 
polynomial of degree m over Z which remains irreducible modulo p), the 
Galois ring GR(p”, m) is isomorphic to both the quotient ring 
(Z/Zp”)[x]/(f) where f(x) is viewed as a polynomial in (Z/Zp”)[x] and 
the quotient ring Z[x]/(f, p”) where (f, p”) denotes the ideal of Z[x] 
generated by f and p”. In this paper we shall use both of these representa- 
tions, but we first introduce several concepts for the ring Z[x]/( f) which 
generalize well-known concepts for Z. 
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For convenience of notation put S = Z[x]/(f). Then each element C( of 
S may be represented uniquely by a symbol of the form 
a=A,+A,<+A,p+ ‘.. +Amp,y+‘, (1) 
where A i E Z and where t satisfies f( t ) = 0. 
DEFINITION. For each nonzero 01 E S, let W(M) denote the largest 
non-negative integer t such that p’ divides every coefficient A, of (1). Also, 
put w(0) = co. 
Next consider the collection of those elements a of the form (1) with the 
property that each integer coefficient Ai in the representation of tl is 
non-negative. This set of elements will be denoted by N. Since each 
non-negative integer Ai can be written uniquely in its base p form as 
Ai= i A,#, O<A,<p, (2) 
j=O 
it follows from (1) and (2) that each a in N may be written uniquely as 
c(= 2 uj(5)P'1 
j=O 
where k is a positive integer and where 
m-1 
aj(<)= 1 A,<‘, O<A,<p. (4) 
i=O 
Note if a is of the form (3), then o(c1) is the greatest integer t such that 
a,(<) # 0. Also note that the set of polynomials of the form (4) is a subset 
of N. This subset will be denoted by IF; i.e., 
m-1 
ff= a:a= 1 Aj[‘,O<Aj<p . 
i=o 
Since IF has q = pm members, its elements may be identified in a one-to-one 
fashion with the elements in the finite field GF(q); however, IF is not the 
finite field GF(q) since the arithmetic is different. 
Using the forms (3) and (4) we can establish a one-to-one corre- 
spondence between the members of N and the non-negative integers; 
indeed, in (4) if we replace 5 by p, then uj(p) becomes an integer in the 
range 0 d ai < q, q = pm, and consequently, in (3) if we replace t: by p 
POLYNOMIALSOVER GALOIS RINGS 159 
and pi by q’, then a is identified with the non-negative integer n, whose 
base q representation is 
n,= i uj(p)q! (6) 
J=o 
We order the members of N by 
DEFINITION. For M: and /I in N, we define an order relation < on N by 
declaring that p < o! if and only if np < n,. 
It is clear that < is a total ordering on N and that the first q elements 
of FV are the elements of the set [F. Using this total ordering we may 
introduce several additional concepts. 
DEFINITION. For each c( E N, the symbol x(a) will denote the polynomial 
in S[x] defined by 
xCx) = pvx (x - B), (7) 
where x(‘) = 1. Further, by cc! we shall mean the element a@) of S obtained 
by replacing x in (6) by TV and finally, we define the function by v: N + Z 
by 
v(a) = o(a!). (8) 
Note that when m = 1, the set N actually reduces to the set of non- 
negative integers, the polynomial x (‘) becomes the falling factorial function 
xC”=x(x-1)(x-2)...(x-a+ l), 
the symbol a! becomes the usual notion of a factorial, and the number v(a) 
becomes the largest power of p dividing a!. The next theorem generalizes 
a well-known result for the largest power of p dividing the integer r!. 
THEOREM 1. Let a E N be given by (3) and let n, denote the associated 
integer as given by (6). Then 
v(a) = 
n,--CJ=oaj(P) 
q-l . 
Furthermore, if y”’ is the member of S obtained by putting y in (7), then 
v(a) E o(a!) < o(y’“‘) for all y E N. 
Proof Let a = C;t o a,(t) pj = Cr= o ujpj be an arbitrary but fixed 
member of IV and let nj= ai denote the integer associated with 
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ai= ai so that nj is in the range 0 dni< q. An element 
p = Cf=, b, (5) p’ = CT= 0 bjpJ of N satisfies /I < tl if and only if b, < a,, 
where s is the largest subscript with a, # bj. For each integer t in the range 
0 < t 6 k, let L, denote the set of elements of k4 which have the form 
I- 1 
P= 1 b.,p’+b:p*+ i a,pj, (10) 
where the his are arbitrary members of [F, and bf is any member of [F 
satisfying b,* < a,. Then the sets L,, 0 f t d k, are pairwise disjoint (some of 
which may be empty) and their union is the set II = {/I E N : fi <a} of 
elements less than ~1. Consequently, 
Now for b E [I,, we see that Q(CI - 8) = r if and only if 0 < r < t and the term 
cfrt b,pj in (10) has the form 
r- I I-1 
c ajpJ+b,p’+ C bipj, 
i=o ‘=?+I 
(12) 
where 6, #a,. Consequently, the number N,(r) of /I’s in [L, satisfying 
o(a - /?) = r is given by 
N,(r)= ntp i 
r=t 
n,(q- 1) qf+-l, Odrct. 
It follows that 
v(a)= f tn,+‘$w,(q-l)q’-‘-1 ) 
I=0 ( r=O > 
which simplifies to (9). 
It remains to verify the relation V(U) <o(y’“)) for all y in N. Since this 
result is obvious for y d a, we need only consider y > u in which case y has 
the form 
Y = C cj P'v 
j=O 
where c, > a, if s is the largest integer such that aj # cj. Consider an element 
b of the form (10) which satisfies the condition described by (12) so that 
fl< a and w(a - 8) = r. With each such p we associate an element /I’ 
obtained from fl by replacing the term 2;:; ajpj of (12) by the term 
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C;:t cjpj (the beginning r terms of y). Now the element /I’ satisfies the 
conditions p’ -C CI and /?I’ E II, and further, o(y - /?‘) > r. (Here, w(y -B’) > r 
if and only if b,=c,.) Since w(l,l,) =w(A,)+w(&) for all Ai and A,, it 
follows that o(nPE iL, (a - fi)) 6 w(flB, ii (y - B)) and consequently, from 
(11) we obtain 
completing the proof. 
In much the same way that the ring Z/Zp” can be viewed as the set of 
integers in the range OQ a < p”, for the remainder of this paper we shall 
view the members of the Galois ring GR( p”, m) as the set of elements of the 
form (3) with k = 12 - 1. (Of course, the algebraic manipulations of these 
objects as members of GR(p”, m) are reductions according to the equation 
f(‘(r) = 0 treating all integer coefficients mod p”.) Further, when we speak of 
the integer V(E) for CI E GR(p”, m), we view a as a member of Z[x]/(f) and 
compute v(a) by (8). Similarily, for c( E GR(p”, m), by the polynomial x”) 
we shall mean the polynomial (7) with c1 again viewed as a member 
Z[x]/(f), except that computations in (7) are done in the ring 
GR(p”, m)[x]. The Galois ring element y”) obtained by substituting 
y E GR(p”, m) for x has this same interpretation. 
3. POLYNOMIAL FUNCTIONS 
In this section we determine the total number of functions from 
R = GR(p”, m) to itself that can be represented by polynomials over R. For 
purposes of polynomial representation we will see that the following 
factorial form is more convenient than the usual polynomial form. 
Let cr,=O<cc,< ... <c+“-, be the ordering of R induced by the 
ordering from Section 2 (where the elements of R are represented by form 
(3) with k = n - 1) and let N be the largest integer such that v(c(~) <n. 
Then every polynomial function f(x) on R can be represented in the form 
.m) = : a, x(‘J’, a,e R. (13) 
/=o 
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Let G be the group of all such polynomials under addition, some of which 
of course may be equal as functions. Then the order of G is given by 
ICI =P mn(N + ‘I. If H denotes the subgroup of G consisting of all polyno- 
mials hug such that h(a) =0 for all cx t R, then the total number of 
polynomial functions on R is given by IG/H = IGl/lHI. 
Forcr,/JER,bycrrP(modpk)withOdk<nismeantthato(a-P)3k 
(where again o(c( - /I) is computed by viewing c( and j3 as members 
of Z[.x]/(f)). We wish to determine IHJ and to this end, let 
h(x) = C,“=, h; .I!*” denote an arbitrary member of H. Since h(O)=0 we 
have h, =O. Similarly h(n,) = h,x, = 0 so that h, E 0 (mod p”- e(a1)). Con- 
tinuing in this manner or more formally by induction on j, and using the 
implication of Theorem 1 that o(ccp’) >, o(clj’~‘) for k > ,j, we find that 
h, = 0 (mod p”- ‘(‘1’) for j = 0, 1, . . . . N. Therefore 
and & may state 
Iffl =f 2 Vb,)? 
j=O 
THEOREM 2. The distinct polynomial functions on R = GR( p”, m) are 
exactly those represented in (13) where a, is arbitrarily chosen from the first 
P m(“-v(‘~” elements of R. 
We also have 
THEOREM 3. The number $GR(p”, m)) of distinct polynomial functions 
from GR(p”, m) to itself is given by 
t(GR(p”, ml) = p mn(N+I)-w7&e(z,) (14) 
COROLLARY 4. Every function from GF( p”) to itself can be represented 
by a polynomial over GF(p”). 
Proof The total number of polynomial functions over GF(p”) is 
obtained from (14) when n = 1. In this case N = p” - 1 so that (14) reduces 
to P wrn = qq where q = pm. Of course qq also counts the total number of 
funtions from GF(q) to itself. 
COROLLARY 5. The number of distinct polynomial functions from ZjZp” 
to itself is given by z(Z/Zp”) = pnCNc “-z~=~‘(il. 
Proof. In this case m = 1 and the function v(a) defined on R reduces to 
the usual function v(.j) from elementary number theory which gives the 
highest power of p dividing j!. 
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The results of Corollaries 4 and 5 are of course well known. We refer the 
reader to Lid1 and Niederreiter [ 10, p. 3691 for the finite field result and 
Mullen and Stevens [ 121 for the Z/Z@ case. See also Keller and Olson 
[7] for a slightly different form for the Z/Zp* result. 
If n < p we may simplify (14) to obtain 
COROLLARY 6. rf n < p then z(R) = pmpm*(” +““. 
Proof: Since n 6 p, N = np” - 1, and C,!?= 0 v(rjl,) = p”n(n - 1)/2 from 
which the corollary follows. 
We note that if m = 1 this reduces to a formula of Kempner [9]. We also 
point out that if /I(s) is the smallest integer t such that p” d v(cI,), then one 
can show 
COROLLARY 7. For n32, 
z(GR(p”, m)) = ~‘@‘“‘T(GR(~“-‘, m)). (15) 
Hence we have 
COROLLARY 8. t(GR(p”, m)) = pmpm, z(GR(p2, m)) = p3”‘pm, and if for 
n > 2 we let q(n) = cy= 3 j?(j), then z(GR( p”, m)) = P~“~“+ Of’). 
Corollaries 7 and 8 are analogous to Corollaries 2.1 and 2.2 of Keller 
and Olson [7] for the ring Z/Zp”. 
As an illustration of the preceding results, we consider the Galois ring 
GR(22, 2) = R containing 16 elements. In this case N= 7 and every polyno- 
mial function can be written in the form (13) where a,, a,, a2, a3 E R are 
arbitrary, while a4, a5, a6, a, E R must occur among the first four elements. 
Thus the total number of polynomial functions is 164 .44 = 224, which of 
course agrees with Theorem 3. As will be shown in Section 4, of these, 
2” . 35 induce permutations of R. 
4. PERMUTATIONS 
In this section we consider those functions from R to R which permute 
the elements of R and are expressible as polynomials over R. Let M= pR 
be the maximal ideal of R so that R/M = GF( p”), let p(a) = ii = a + A4 be 
the natural homomorphism of R to R/M and let f(x) denote the reduction 
of f(x) under ,u; i.e., if f(x) = C aixi then J(x) = C ti,x’. It is a direct conse- 
quence of a result proved more generally in McDonald [ 11, pp. 269-2721, 
that f(x) in (13) permutes the elements of R if and only if f(x) permutes 
the elements of GF(p”) and f’(a) # 0 for every a E GF(p”). 
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Let q = p’” so that from Theorem 2 every polynomial function can be 
represented as 
q-1 2y- I 
,f(x) = c aj X(@fJ + c aj x@‘+ $ aj x’“jJ, 
j=o ,=Y , = 2y 
where the representation is unique if the coefficients are restricted as 
described in that theorem. Now for a E R/M, we have 
Y- 1 
fr(x)(,=.= c a,ii’“‘; 
i=O 
thus, in order for f(x) to permute GF(q), the coefficients Gj with 0 < j < q 
may be chosen in q ! ways (f( x can be taken as any permutation polyno- ) 
mial on GF(q)) and consequently in f(x) the coefficients aj with 0 < j < q 
may be chosen from R in a total of q ! q’“- 1 )q ways. 
We now calculate f’(x). If i > 2q, then for each x = a E GF(q), (x@)) = 0. 
We note that x(‘y’ = x4 - x on GF(q) and for q < j < 2q we have 
(x’“l’)‘= [(X”-X)(X--aa)...(“-O1j-,)]’ 
= -(x-aq)...(x-ajp,) 
= -x(x-cll)...(x--j_l-y) 
= -x(+vJ 
for each x = a E GF(q). Thus 
q-1 zq- 1 
f’(x) = C aj(xcQ)‘- C a,(x’+q’) 
j=o i=q 
on GF(q). Hence for q d j < 2q each Zj may be chosen in q - 1 ways so that 
f’(a) #O on GF(q) and thus there are (q- l)qq(n-2’q ways to choose 
a q, . . . . a2q-, in (13) subject to Theorem 2. Moreover within the limits set by 
Theorem 2, each aj with j> 2q may be arbitrarily chosen from R. 
THEOREM 9. Let R denote the Galois ring GR(p”, m) and let q = pm. For 
n > 1 the number R(R) of permutations on R representable by polynomials 
over R is given by 
Q(R)=q! (q- 1)qq-247(R), (16) 
where 7(R) is the total number of functions on R representable by polyno- 
mials over R and is given by (14). 
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Proof: From the above discussion we see that 
Q(R) = q! q@-‘)y (q - 1 )Yq’” - 2)Y iiy 2 n - v(q) 
J=h 
which, through the use of (14), can be simplified to 
q! q’2”--J(q- l)?(R) 
n;“=i 1 q” - v(q) ’ 
from which the result follows. 
If n $ p we may simplify (16) using Corollary 6 to obtain 
COROLLARY 10. Ifn<p then O(R)=g! (q- l)yq(n’+n-4)~/2. 
COROLLARY 11. For n32, 
Q(GR(p”, m)) = pmB’“k2(GR(p”-‘, m)). 
Hence we also have 
COROLLARY 12. .O(GR(p, m))=q!, Ll(GR(p*, m))=q! (q- 1)4qq, and 
for n > 2, O(GR(p”, m)) =q! qq(q- l)qq’J’“‘. 
The above proof fails when n = 1 but of course for this case 52(R) = q ! 
by Corollary 4. We also note that if m = 1 (so that q = p), then (16) reduces 
to the formula given in Mullen and Stevens [12, p. 2411 for the ring Z/Zp”. 
5. SOME GENERALIZATIONS 
We now give a brief description of those functions f: Rk + R in k 2 1 
variables that can be represented by polynomials over R = GR( p”, m). To 
this end let Sk(n) denote the set of all k-tuples (~xi, . . . . Q) E Rk with the 
property that v(aI) + . 1. + v(tlk) < n. Generalizing the argUIUeIIt from 
Section 3 to k variables, it can be shown that every polynomial function f 
in k variables over R possesses a unique representation in the form 
f(x I, . . . . xk) = c a( i, , . . . . ik) X:a,‘) . ’ Xp’, (17) 
where a(i, , . . . . ik) is arbitrarily chosen from the first pm(n--“c*~l)- “- -“(%)) 
elements of R and the sum is over the set Sk(n). Hence the total number 
r,(GR(p”, m)) of functions in k variables representable as polynomials over 
R is given by 
rk(GR( p”, m)) = n pdn ~ v(%,) ~ ‘. ~ v(Gk b), 
(18) 
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where the product is over the set S,(n). It appears to not be easy to obtain 
a closed formula for the sum C (v(c(,) + ... + v(tlk)) over the set S,(n) and 
hence it seems difficult to simplify (18) in any significant way. 
We note that if one considers polynomial representation of functions 
over the ring T= Z[.x]/(f, r) where f is a manic irreducible of degree m 
over ZjZr and r= p;” ... py’ is the prime factorization of r, then the 
Chinese Remainder Theorem can be used to prove 
THEOREM 13. If T(T) denotes the number of functions from T to itse& 
representable by polynomials over T, then 
z(T) = fi z(GR(pY’, m)), (19) 
r=l 
where each factor in (19) can be calculatedfrom the results of Section 3. 
Analogous formulas could be stated for polynomial representation of 
permutations and functions of several variables over T. 
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